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Abstract—We prove that for every minimally supported scal-
ing function ϕ there exists a compactly supported dual scaling
function ϕ˜ and thus that ϕ generates a biorthogonal basis of
compactly supported wavelets (with compactly supported dual
wavelets). c© 1996 Academic Press, Inc.
In 1991 [4], I gave a characterization of minimally sup-
ported scaling functions (see also [1]). However, I was un-
able to answer the following question: Can we always as-
sociate to a minimally supported scaling function ϕ a com-
pactly supported dual scaling function? As a matter of fact,
the answer is positive and, nowadays, it is very easy to
prove it.
Let us state clearly the problem. We start with a mini-
mally supported scaling function ϕ; i.e., ϕ can be defined
as
ϕˆ(ξ) =
1∏
j=1
m0
(
ξ
2j
)
, (1)
where m0 is a trigonometric polynomial such that m0(0) = 1
and ϕˆ is the Fourier transform of ϕ; thus ϕ is compactly
supported. Moreover, m0 is asked to satisfy
ϕ 2 L2 (2)
8ξ /2 2piZ 9k 2 Z m0(2kξ + pi) ≠ 0 (3)
m0(ξ) = eiNξP(e−iξ) for some N 2 Z and
P 2 R[X] with P(X) ^ P(−X) = 1. (4)
(3) is the so-called Cohen criterion [2], which ensures that
ϕ is a scaling function. In (4), we require P to have a real-
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valued coefficients in order to have that ϕ is real-valued.
Moreover, the requirement that P(X) and P(−X) are prime
to each other (together with (3)) ensures that ϕ is minimally
supported.
(4) shows us that we may find trigonometric polynomials
m˜0 such that
m˜0(ξ)m¯0(ξ) + m˜0(ξ + pi)m¯0(ξ + pi) = 1. (5)
The point is to prove that some of those polynomials do
generate dual scaling functions: If ϕ˜ is defined by
ˆ˜ϕ(ξ) =
1∏
j=1
m˜0
(
ξ
2j
)
, (6)
do we have ϕ˜ 2 L2 and hϕ˜(x)jϕ(x − k)i = δk,0?
Theorem. For any minimally supported scaling func-
tion ϕ, there exists a compactly supported dual scaling func-
tion.
The proof relies on two results: Proposition A, a theorem
of Cohen and Daubechies [3], and Proposition B, which will
appear in [6].
Proposition A. If ϕ is minimally supported, if m˜0 sat-
ises (5) and ϕ˜ satises (6), then a necessary and sucient
condition for ϕ˜ to be a dual scaling function of ϕ is that
ϕ˜ 2 L2 and m˜0 satisfies the Cohen criterion.
Proposition B. Let Φ be a scaling function with rapid
decay (i.e., 8k 2 N, xkΦ 2 L2) and M0 be its scaling lter
(M0 2 C1(R/2piZ)). If m˜N is a sequence of trigonometric
polynomials such that
(i) m˜N(0) = 1 and m˜N(pi) = 0
(ii) m˜N ! M0 in C1(R/2piZ)
and if ϕ˜N is dened by ˆ˜ϕN(ξ) =
∏1
j=1 m˜N(ξ/2
j), then for N
large enough, m˜N satises the Cohen criterion and ϕ˜N 2 L2.
Moreover, for all k 2 N, limN!1 kxk(ϕ˜N − Φ)k2 = O.
The proof is now very easy. Indeed, we already know a
dual scaling function to ϕ. This function Φ is given by the
well-known formula
Φˆ(ξ) =
ϕˆ(ξ)∑
k2Z jϕˆ(ξ + 2kpi)j2
. (7)
This scaling function is associated to the orthogonal mul-
tiresolution analysis generated by ϕ. It is not compactly sup-
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ported, but has rapid decay at infinity. So, we are going to
approximate Φ by compactly supported dual scaling func-
tions ϕ˜N whose filters m˜N satisfy (5). This is an easy game.
Since ϕ is a scaling function, we know that m0(pi) = 0; thus,
Q(X) = ((1+X)/2)P(X) and Q(−X) are prime to each other;
thus, using the Bezout identity, we may find a polynomial
R(X) such that R(X)Q(X) + R(−X)Q(−X) = 1. Thus far, we
may find one trigonometric polynomial m˜0 such that
m˜0(0) = 1, m˜0(pi) = 0, and
m˜0(ξ)m¯0(ξ) + m˜0(ξ + pi)m¯0(ξ + pi) = 1.
Now, look at any sequence of trigonometric polynomials
µN converging in C1(R/2piZ) to the scaling filter M0 as-
sociated to Φ. We may assume that µN(1) = 0 and that
µN(pi) = 0 (changing, if necessary, µN into
µN + (1 − µN(0))
(
1 + e−iξ
2
)
− µN(pi)
(
1 − e−iξ
2
))
.
Then, the function
N(ξ) = 1 − µN(ξ)m¯0(ξ) − µN(ξ + pi)m¯0(ξ + pi)
goes to 0 with 1/N in C1(R/2piZ) and is pi-periodical. The
functions m˜N(ξ) = µN(ξ) + N(ξ)m˜0(ξ) are the good ones.
Propositions A and B may now be applied to prove the
theorem.
Corollary. For any minimally supported scaling func-
tion ϕ, there exists a compactly supported dual scaling func-
tion with any prescribed regularity.
Proof. The proof is very easy. “Integrate” ϕ N times to
get ϕ(−N) defined by
ϕˆ(−N)(ξ) =
(
1 − e−iξ
iξ
)N
ϕˆ(ξ).
This is a minimally supported scaling function. Thus it
admits a compactly supported dual scaling function ϕ˜(N),
which we integrate N times. Thus ϕ has a compactly sup-
ported dual scaling function ϕ˜, defined by
ˆ˜ϕ(ξ) =
(
eiξ − 1
iξ
)N
ˆ˜ϕ
(N)
(ξ),
and this scaling function belongs to HN. (For integration
and differentiation of a scaling function, see [5].)
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